
Stochastic modelling of spread of 
infection 

Abstract 
 
Epidemiology deals with study of health and diseases in a population. One of 
its aspects is the model and analyse the spread of diseases. With available 
technology, it is possible to carry out large scale simulations to verify models, 
use them to identify epidemics based on study infection propagation spatially 
and temporally; devise optimal strategies for vaccination and quarantine. In 
other words, it can be used to counter-act disease outbreaks and epidemics 
efficiently. 
Depending on the properties of the population and computational constraints, 
different kinds of models are preferred. For example, in a large population, say 
that of a state, a mean field model would be preferred for it low computational 
requirements, but when the size of population is smaller, like in a district, or if 
dynamics is non-linear, a stochastic model would be preferred for its accuracy. 
In this project, two modelling approaches were used: (a) Stochastic node-
network (lattice) model, and (b) Markov chain. 

Background 
 
State: 
State of an individual, here, means the health of an individual and its infectious 
ability. States considered in this project are: 

(a) Susceptible- an individual prone to disease. 
(b) Exposed- an individual who has acquired the pathogen but has not yet 

contracted the disease. He/she might be able to fight the disease as 
well. 

(c) Infected- an individual suffering from the disease and can infect others. 
(d) Infected & hospitalized- an infected individual who has been admitted to 

a hospital for treatment; considering hospital to be sterile environment 
where infection spread is unlikely, it can be considered as a means of 
quarantine. 

(e) Recovered- an individual who has recovered from an infected state. 
(f) Resistant- an individual who is not prone to the disease. 

 



Stochastic Lattice model: 

In node-network model, the population is represented as node of a graph and 
interactions are represented by an edge between the corresponding nodes. 
Two nodes with an edge are called neighbours. Thus the evolution of the state 
of an individual (node) will depend on the state of all its neighbours in addition 
to its own state. State of an individual, here, means the health of an individual. 
The strength of interaction is how likely (probability) a neighbour is to 
influence the state of the individual. In a stochastic model, the strength is a 
fraction between 0 and 1. Suppose in a 2 nodes system, there are a susceptible 
and an infected neighbour whose interaction strength is x. To determine the 
effectiveness of the interaction, a random number between 0 and 1 is 
simulated and if the number is smaller than the interaction strength x, then the 
susceptible individual becomes exposed/infected in the next step. 
The time dependence of interactions can be incorporated by making the 
strength of the interaction of each pair of neighbour a function of time. The 
time dependence can be different for each pair and is easily enabled by 
stochastic simulations. 
Lattice model is a special type of node-network model where population is 
represented as lattice points and only the closest nodes along the edge of the 
lattice and along the main diagonal along any direction are the neighbours. 
 

Markov chain: 

The state of each individual is a discrete variable and it can change only at 
discrete time steps. The transitions depend only on the current state of the 
system (which takes into account states of all individuals), which is the 
memory-less property of a Markov chain. 
The algorithm: 
Based on only the current state of the system, state transition rate of each 
individual is calculated. The rates are summed to calculate the total transition 
rate of any state, which is used as the parameter for exponential random 
variable whose value determines the time step after which the next transition 
occurs. Adding this time step to the current time gives the time at which the 
next transition occurs, if this time is more than the simulation time then the 
simulation is terminated, otherwise the new state at this time is calculated. 
The particular transition that occurs is randomly selected, biased by their rates. 
So, to know which transition occurs, the cumulative rates are calculated, and 
their sum is normalized to one; a random number between 0 and 1 is 
simulated and based on the probability distribution of the transition and this 
random number, the event whose inclusion causes the random number to be 
just smaller than the cumulative normalized rate is chosen. 



For example: 
Suppose the current time is T, and 4 transitions,       are possible with 
rates,     , where I varies from 1 to 4. Total transition rate,          
     . So, given a random number,  , the time step for next event/transition, 

is given by     
 

 
   ( )  If     is larger than time of simulation, we stop 

the simulation or else we evaluate the state at the time,    . Next 
normalized cumulative rates of the transitions are calculated:- 

 ( )  
   
 
                           

Define  ( )     
Another uniform random number,  , is simulated between 0 and 1, and we 
find the j which satisfies,  (   )      ( ). The transition selected to 
occur at     is        

Now, according to this transition and the state at  , the state at    , is 
calculated, and the entire process is repeated, till the time at which the next 
transition occurs exceeds the time of simulation. 
So we see that transition occurs from one discrete state to other at discrete 
time steps so this is                                       
Details of simulations are given in the following section. For every stochastic 
model, the simulations were repeated many times (1000) to get an 
average/convergent dynamics. 

Simulations and Discussions 

Stochastic Lattice model: 

The population was simulated as a 30-by-30 grid, where interactions were only 
allowed between first and second nearest neighbours (at least 3, for corner 
lattices and at most 8, for lattice points not along the borders). The possible 
health states of any individual were susceptible, infected and 
recovered/resistant. Unit of time is arbitrary but constant. 
Strength of interaction for each pair was kept at constant, probability of 
influence was 0.2. Interactions to infect a susceptible individual was additive 
and only an infected neighbour can contribute to it. Probability that an 
exposed individual fights the disease, and remains susceptible is 0.25. 
An infected individual recovers after an average of 6 time steps.  A recovered 
individual is temporarily resistant but becomes susceptible after 9 time steps. 
Initially 20% of the population is infected individuals are introduced at random 
locations in the lattice and others are susceptible. 
 



              
(a)                                                           (b) 

 
(c) 

 
Figure 1: Stochastic lattice model simulation for a 30-by-30 lattice when the infected 
individuals were randomly distributed- (a) Initial state, (b) final state and (c) dynamics of 
state of population with time, for 1 simulation; (d) dynamics of state of population with 
time, averaged over 1000 simulations (The average steady state values: # susceptible 180.9, 
# recovered 431.5, # infected 287.5). Blue = susceptible, yellow = infected and black = 
recovered. 

 
Next keeping all other parameters same, the infected population was 
preferentially introduced towards the central region. 



  
(a)                                                                   (b) 

 
(c) 

 
(d) 

Figure 2: Stochastic lattice model simulation for a 30-by-30 lattice when the infected 
individuals were preferentially introduced in the central region - (a) Initial state, (b) final 
state and (c) dynamics of state of population with time, for 1 simulation; (d) dynamics of 
state of population with time, averaged over 1000 simulations (The average steady state 
values: #susceptible 180.2, # recovered 431.5, # infected 288.2). Blue = susceptible, yellow = 
infected and black = recovered. 
 

We see that when population size is large the average dynamics is similar to 
the stochastic simulation. Also the average dynamics in the 2 cases (figures 



1(d) and 2(d)) are very similar. Thus in large population the effect of 
heterogeneity of interior and exterior nodes is not important. 
 
So, the lattice size was made 5-by-5 and simulations carried on. 
 

  
(a)                                   (b) 

 
(c) 

 
(d) 

Figure 3: Stochastic lattice model simulation for a 5-by-5 lattice when the infected 
individuals were randomly distributed- (a) Initial state, (b) final state and (c) dynamics of 
state of population with time, for 1 simulation; (d) dynamics of state of population with 
time, averaged over 1000 simulations (The average values at t=400 units: # susceptible 23.7, 
# recovered 0.8, # infected 0.5). Blue = susceptible, yellow = infected and black = recovered. 



 

  
(a)                                                    (b) 

 
(c) 

 
(d) 

Figure 4: Stochastic lattice model simulation for a 30-by-30 lattice when the infected 
individuals were preferentially introduced in the central region - (a) Initial state, (b) final 
state and (c) dynamics of state of population with time, for 1 simulation; (d) dynamics of 
state of population with time, averaged over 1000 simulations (The average values at t=400 
units: #susceptible 25, # recovered 0, # infected 0). Blue = susceptible, yellow = infected and 
black = recovered. 

 
For smaller population, the average dynamics and the dynamics in a single 
simulation are different. Also the steady state characteristics of the 2 cases, 



figures 3(d) and 4(d) are different. The infection dies out faster when 
introduced near the central regions. 
Also, infection dies out when system size was 25, but such was not observed 
when system size was 900, where the susceptible, infected and recovered 
populations reach a non-zero, positive steady state values. 
 

Markov Chain: 

I tried to simulate the spread of an infectious disease in the context of an 
institute where the players (students) move and interact with different players 
at different time intervals. 1200 students were distributed randomly in 3 
hostels, 2 messes and 5 departments.  
The movement and interaction of students was model as follows: 

PLACE Number of such 
places 

SCHEDULE 

(24 hours format) 
Normalized measure 

of proximity, 𝜷  

Mess 2 9-10 

12-14 

19-21 

1 

Dept. Class 5 10-12 0.75 

Dept. Lab 5 14-19 0.5 

Hostel 3 21-24 

24-9 (next day) 
0.25 

 
The normalized measure of proximity is a measure of interaction strength and 
it is assumed that only the students in the same place can interact with each 
other, for example, during 9 am to 10 am, only student in mess #1 can interact 
and infect each other. 
For this the health condition of individuals were categorized as susceptible, 
exposed, infected, infected and hospitalized, and recovered/resistant. 
The reproductive number,  , depends on the measure of proximity, 
                   

   per day. Also, it is assumed that an exposed 
individual acts as a carrier and can spread infection, but with lower 
effectiveness, 33% as effectively as an infected individual. 
So, at a place the rate at which a susceptible individual is likely to get exposed 
is     (        ), where S, I and E are the number of susceptible, 
infected and exposed individuals respectively.  
Further, an exposed individual is either able to fight the infection and become 
resistant with a probability of 10%, or contract the disease and become 
infected. The number of days for transition from exposed state to either 



resistant or infected state is on an average 1 day. An infected individual is 
admitted to a hospital within half a day on average. Further recovery takes on 
an average 1.5 days. Period of observation is 7 days. 
 
Initial condition: 5% of the population was in infected state and 5% in resistant 
state, and they are randomly distributed. The simulation is started at 9 am, 
when students come to the mess, on the first day of the week and carried on 
till the end of the 7th day. Evolution of state of each student was monitored. 
Further the simulation was repeated 1000 times to get the average dynamics. 
 

 
(a)                                                                  (b) 

 
(c)                                                              (d) 

Figure 5: One of the stochastic simulations: The evolution of population in each state in the 
2 messes (a) and (b); one of the hostels (c); and, one of the departments (d). 
 

The dynamics in each of the graphs of figure 5 are qualitatively similar, as can 
be expected, as the set up and initial conditions were all randomized. Further, 
the dynamics of susceptible population in each of graphs seems to be made of 
piece-wise differentiable function, there is sudden dips in the curve and the 
slope also changes. 



 
(a)                                                                   (b) 

 
(c)                                                                (d) 

Figure 6: Average of 1000 stochastic simulations: The evolution of population in each state 
in the 2 messes (a) and (b); one of the hostels (c); and, one of the departments (d). 
 

The dynamics in each of the graphs of figure 6 are qualitatively similar, as can 
be expected, as the set up and initial conditions were all randomized. They are 
similar to corresponding ones from figure 6. Further, the dynamics of 
susceptible population in each of graphs seems to be made of piece-wise 
differentiable function, there is sudden dips in the curve and the slope also 
changes. Also the dips are repetitive after 24 hours. So, dips are because of 
change of place, that is, the students shift, for example from mess to 
department. 
Also, the change in slope is consistent with the reproductive factor associated 
with the dynamics at that time. For example, during time between 21 hours to 
33 hours, the slope is flatter than the slope between 19 hours to 21 hours. This 
is because between 19 to 21 hours, students were in their hostels, where 
       , which is lower than     , between 19 to 21 hours when 
students are in their messes. 
 
Further, I tried to simulate the situation of outbreak of infectious agent (say, 
bacteria) in one of the labs. There are no infected or resistant students in the 
beginning, so, the simulation starts at the 14th hour of the first day, as before 
that time there was no infection and all the students were in susceptible stae. 
The simulation ends at the last hour of the 7th day. 



The infectious agent dies if not present in any host; its half-life is about 2.0794 
days. The population of infectious agent was modelled as a deterministic 
process. 
 

 
(a) 

 
(b)                                                              (c) 

  
(d)                                                           (e) 

Figure 7: One of the stochastic simulations: The evolution of population in each state in the 
5 departments. Outbreak of infection occurs in lab 1, whose dynamics is shown in (a). 
 



Clearly evolution of states in labs 2, 3, 4 and 5 are similar to each other but 
strikingly different from that in lab 1, as expected. Due to mixing of students in 
hostels and messes, the infection is introduced in students of labs 2, 3, 4 and 5. 
Further, when the students of lab 1  (time between 14 hours to 19 hours, 34 
hours to 36 hours, 38 hours to 43 hours, 58 hours to 60 hours and so on) are in 
the department, slope of number of transitions from susceptible to exposed is 
higher than other times. Further, the slope decreases each day. 
 

 
  (a)                                                               (b) 

 
(c)                                                             (d) 

 
(e) 

Figure 8: One of the stochastic simulations, when outbreak occurs in lab 1: The evolution of 
population in each state in the 2 messes (as in (a) and (b)) and in 3 hostels (as in (c), (d) and 
(e)). 

 
The evolution of states in the 2 messes is similar to each other, and so in the 
case of 3 hostels - this is expected as the students of lab 1 are randomly 



distributed in the messes and hostels. Further, we see slope of number of 
transitions from susceptible to exposed is higher during the time students are 
supposed to be the lab (time between 14 hours to 19 hours, 34 hours to 36 
hours, 38 hours to 43 hours, 58 hours to 60 hours and so on). 
 

 
(a) 

 
(b)                                                              (c) 

Figure 9: Average of 1000 stochastic simulations: The evolution of population in each state 
in the 3 of the 5 departments. Outbreak of infection occurs in lab 1, whose dynamics is 
shown in (a). The dynamics of department 4 and 5 are similar to that of department 2. 
 

The average of simulations are very similar to the stochastic simulation, just 
the curves are smoother. The evolution of states in labs 2, 3, 4 and 5 are similar 
to each other but strikingly different from that in lab 1, as expected. Due to 
mixing of students in hostels and messes, the infection is introduced in 
students of labs 2, 3, 4 and 5. 
Further, when the students of lab 1  (time between 14 hours to 19 hours, 34 
hours to 36 hours, 38 hours to 43 hours, 58 hours to 60 hours and so on) are in 



the department, slope of number of transitions from susceptible to exposed is 
higher than other times. Further, the slope decreases each day. 

 
(a)                                                              (b) 

 
(c)                                                              (d) 

Figure 10: Average of 1000 stochastic simulations: The evolution of population in each state 
in the 2 messes and 2 of the 3 hostels. Outbreak of infection occurs in lab 1. The dynamics of 
hostel 3 are similar to that of hostel 1. 

 
The evolution of states in the 2 messes is similar to each other, and so in the 
case of 3 hostels - this is expected as the students of lab 1 are randomly 
distributed in the messes and hostels. Further, we see slope of number of 
transitions from susceptible to exposed is higher during the time students are 
supposed to be the lab (time between 14 hours to 19 hours, 34 hours to 36 
hours, 38 hours to 43 hours, 58 hours to 60 hours and so on). 
 
Thus, given there is an outbreak we can determine whether it was in the mess 
or lab or hostel, by looking at the slope of decrease of susceptible population 
in any of the places. 
If outbreak is in one of the labs, and 

 we are monitoring the dynamics of students of one of the messes (or 
hostels), then slope of reduction of susceptible population would be 
higher during the lab (and classes) timings. 

 we are monitoring the dynamics of some other lab, then slope of 
reduction of susceptible population would be lower during the lab (and 
classes) timings than other timings. 



 we are monitoring the dynamics of lab where outbreak occurs, then 
slope of reduction of susceptible population would be significantly 
higher during the lab (and classes) timings than other timings. 

 

Conclusions and Future Works 
 
Stochastic simulations are important situations when model is non-linear, or 
interacting species have heterogeneity in their properties, or when system size 
is small, to name a few. In the project only stochastic simulations were done so 
no comparison between mean-field model and stochastic models can be made 
from this project’s results. But, as a future exercise it will be interesting to do 
the comparison. 
 
The effect of heterogeneity of the properties of interior and exterior lattice 
points were observed when the system size was small as the ratio of number 
of exterior and interior lattice point was not very small (as compared to one). 
In the lattice model, 

- When population size was 900, the spatial distribution of infected 
population in the initial state did not affect the dynamics; no significant 
changes were observed when infected individuals were introduced near 
the central region as compared to the case of completely random 
distribution of infected individual; ratio of exterior to interior lattice 
points = 0.129. 

- When population size was 25, the spatial distribution of infected 
population in the initial state did change the dynamics. The dynamics 
was faster when infected individuals were introduced near the central 
region as compared to uniform distribution; ratio of exterior to interior 
lattice points = 0.64. 

It was observed that infection dies out when system size was 25, but such was 
not observed when system size was 900, where the susceptible, infected and 
recovered populations reach a non-zero, positive steady state values. 
A time dependent interaction function can be incorporated in the model; also, 
neighbours of each node need not be dependent on its closest neighbour. 
 
We also saw how an infection spreads in the context of an institute, with 1200 
students. The institute had messes, hostels and departments, where 
interactions among the students changed. So the interaction between a pair of 
students dependent on the time of the day, which determined where each of 
them will be, which in turns determines if the two students can interact with 



each other or not and if they do, what is the strength of their interactions. 
Further, a situation of outbreak of infectious agent in one of the labs, was 
simulated and analysed; from the analysis, we found some conditions to help 
us predict the site of outbreak from data of health condition of students, who 
are in the same mess (or hostel or department). 
The parameters I used were fictional; hence future work in this would include 
literature survey for more realistic parameters for rate equations. Further 
given the model, we can estimate the parameters, by fitting it against some 
real data. More randomness can be included by saying that students do not 
follow a constant time-table, each adhere to their own timings. 
 

Acknowledgement 
I would like to thank Dr. Vijay Chandru, and my class mates attending the 

course BE209 (Aug-Dec ’17) at IISc, for various inputs to augment and improve 

the project. 

References 

Course(s): 
1. E1 222: Stochastic Models and Applications at IISc, Aug-Dec ’17, taught 

by Prof. P. S. Sastry. 
Online references include Wikipedia, and MIT OCW (Robert Gallager. 6.262 
Discrete Stochastic Processes. Spring 2011. Massachusetts Institute of 
Technology: MIT OpenCourseWare, https://ocw.mit.edu. License: Creative 
Commons BY-NC-SA). 
MATLAB (https://in.mathworks.com/products/matlab.html) was used for 
simulations. 
 

 

Project submitted by Harsh Chhajer, 1st year PhD student at IISc, Bangalore. 
 

 

https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-262-discrete-stochastic-processes-spring-2011
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://in.mathworks.com/products/matlab.html

